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The unambiguous detection of Majorana bound states in nanowires and in magnetic atom chains is hindered
by the possible presence of near-zero-energy Andreev bound states which have similar experimental signatures.
These near-zero energy states are expected to be topologically trivial. Here, we report the theoretical prediction
of topologically nontrivial Andreev bound states in one-dimensional superconductors with spatially varying
magnetic fields. These states correspond to a novel topological invariant defined in a synthetic two-dimensional
space, the particle-hole Chern number, which is an analogue of the spin Chern number in quantum spin Hall
systems. Topologically nontrivial Andreev bound states and Majorana bound states have distinct features and
are topologically nonequivalent. Yet, they can coexist in the same system, have similar spectral signatures, and
materialize with the concomitant opening of the particle-hole gap. Consequently, the simultaneous observation
of a zero-bias peak and the closing and reopening of the gap cannot be considered an exclusive fingerprint of
Majorana bound states. In contrast to Majorana states, which appear simultaneously at both edges and at zero
energy, nontrivial Andreev states may appear with different energies at the opposite edges of the system.
Majorana bound states[1] are topologically protected zero-
energy quasiparticle excitations which localize at the edges
or at topological defects of nontrivial superconductors[2–
8]. Besides their fundamental importance as a solid state
counterpart of Majorana fermions in high-energy physics,
their non-abelian statistics makes them ideal building blocks
for decoherence-free and fault-tolerant topological quantum
computation[9]. Their theoretically predicted features have
been experimentally observed in both spin-orbit coupled
Rashba nanowires[10–15] and in magnetic atom chains[16–
18]. Despite this experimental evidence, their signatures, in
particular the zero-bias peak and the quantized conductance,
are consistent with alternative theoretical explanations, such
as topologically trivial Andreev bound states, which can be
induced by disorder or by spatial variations of the gate poten-
tial used to confine the nontrivial phase[19–34].
Here, we report the theoretical prediction of a novel time-
reversal-symmetry breaking nontrivial topological phase in
one-dimensional (1D) superconductors, which is topologi-
cally distinct from the well-known Majorana phase, and ex-
hibits topologically nontrivial Andreev bound states. This
new topological phase can be realized in the presence of
amplitude-modulated Zeeman fields[35–38]. In magnetic
atom chains, for instance, the superposition of the intrinsic
magnetic helical order and an externally applied field can pro-
duce a total Zeeman field which is harmonically amplitude-
modulated. In this case, the field felt by the superconduct-
ing electrons depends on the phase-offset of the harmonic
modulation, which can be regarded as an additional synthetic
dimension[39–49]. Consequently, the system sits into two dif-
ferent entries of the periodic table of nontrivial phases[50–52]
corresponding to 1 and 2 dimensions in the class D. Hence, it
can be characterized by two topological invariants: The Ma-
jorana number M , defined in the 1D space, and the particle-
hole (PH) Chern number Cph, defined in the synthetic 2D
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Figure 1. A chain of magnetic atoms on the surface of a superconduc-
tor. The amplitude-modulated Zeeman field bn is the superposition
of an externally applied field b along the z axis and the field induced
by the helical spin order <(ei(nθ+φ)δb) in the zx plane (see main
text).
space. These two topological invariants correspond to two
different kind of edge states: The familiar Majorana bound
states (MBS) and the topologically protected Andreev bound
states (ABS). These novel kind of nontrivial ABS are disper-
sive, fully spin and PH polarized, protected by the PH symme-
try, but distinct from and topologically nonequivalent to MBS.
The resulting topological phase space is a remarkable ex-
ample of coexistence of multiple nontrivial phases in the same
system, which does not originate from symmetry breaking but
from the presence of an additional synthetic dimension. More-
over, nontrivial ABS can be in principle more problematic
than trivial ABS, for the fact that they are topologically pro-
tected, and hence they can materialize only after the closing
and reopening of the PH gap. This can in principle invalidate
the unambiguous detection of MBS, since the simultaneous
observations of the opening of the gap and of a zero-bias or
near-zero-bias peak at the edges cannot be considered as con-
clusive evidence of MBS[53].
To illustrate these findings, we consider a chain of magnetic
Yu-Shiba-Rusinov states[54–61] on the surface of a conven-
tional superconductor, in the presence of a helical spin order
and an externally applied Zeeman field, as in Fig. 1. This sys-
tem can be modeled by a Bogoliubov-de Gennes tight-binding
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2Hamiltonian, which reads
H =
1
2
∑
n
Ψ†n ·
[−µσ0 + bn · σ ∆iσy
−(∆iσy)∗ µσ0 − (bn · σ)∗
]
·Ψn+
−1
2
∑
n
Ψ†n ·
[
tσ0 − λiσy 0
0 −(tσ0 − λiσy)
]
·Ψn+1 + h. c., (1)
where Ψ†n = [c
†
n↑, c
†
n↓, cn↑, cn↓] is the Nambu spinor, µ the
chemical potential, t the hopping parameter, λ the intrinsic
spin-orbit coupling due to the inversion symmetry breaking
at the surface, ∆ the superconducting pairing induced by the
substrate, and bn the total field Zeeman on each site.
The helical spin order is induced by the Ruderman-Kittel-
Kasuya-Yosida (RKKY) coupling between localized mag-
netic moments of the chain, and is resonantly enhanced by the
perfect nesting between Fermi momenta ±kF in 1D systems.
This nesting condition fixes the spatial frequency θ of the he-
lix as θ = 2kF[62, 63], which mandates µ = −2t cos (θ/2),
which we assume hereafter. Moreover, in the absence of exter-
nally applied fields, the direction of the spin helix is fixed by
symmetry. Indeed, the spin-orbit coupling (along y) breaks
the SU(2) spin-rotation symmetry down to U(1) rotations
in the zx plane: Hence, the helical order becomes prefer-
entially pinned to the zx plane, and remains pinned for ap-
plied fields smaller than the spin-orbit energy splitting[37].
For simplicity, we assume that the helical order is indepen-
dent of the externally applied field. Thus, the total field can
be written as bn = b + <(ei(nθ+φ)δb), where b is the ap-
plied field and δb = (−iδb, 0, δb). Here, θ, φ, and δb are
respectively the spatial frequency, phase-offset, and magni-
tude of the rotating field induced by the helical spin order.
The cases with δb = 0 and b = 0 reduce respectively to the
well-known regimes where only the uniform[64, 65] and the
helical field[60, 61, 66] are present. If the applied and heli-
cal fields are not perpendicular δb · b 6= 0, the total field is
amplitude-modulated, |bn|2 = b2 +δb2 +2<(ei(nθ+φ)δb ·b),
and depends explicitly on the phase-offset φ, which cannot
be absorbed by local or global unitary rotations of the spin
basis[60, 63]. Thus, the energy spectrum, and in particular
the PH gap, depends on the phase-offset φ. Since we are in-
terested in this regime, we assume that the applied field is
coplanar with the helical field. Besides, one can always ro-
tate the spin basis such that the applied field is parallel to the
z axis, which we assume hereafter. Notice that, assuming a
rigid and uniformly rotating spin helix, the magnetic order is
degenerate in the phase-offset φ, even in the presence of ex-
ternal fields b 6= 0, since the coupling between applied field
and the helical order ∝ b ·m vanishes, being the total mag-
netization m =
∑
n <(ei(nθ+φ)δb) = 0. However, the effect
of the applied field on the spin helix may induce a finite mag-
netization and break the U(1) invariance. If these effects are
negligible, the phase-offset φ will become pinned by arbitrar-
ily small local variations of the Zeeman field or by defects and
impurities along the chain.
In order to define the topological invariants, it is useful to
Fourier-transform the Hamiltonian (1), which yield
H =
1
2
∑
k
Ψ†k ·
[
h(k) ∆iσy
−(∆iσy)∗ −h(−k)∗
]
·Ψk+
+
1
4
∑
k
Ψ†k+θ ·
[
eiφδb · σ 0
0 −eiφδb · σ∗
]
·Ψk + h. c., (2)
where Ψ†k = [c
†
k↑, c
†
k↓, c−k↑, c−k↓] and h(k) = b ·σ − (µ +
2t cos k)σ0 + 2λ sin k σy . We notice that for ∆ = λ = 0,
Eq. (2) reduces to the Harper-Hofstadter Hamiltonian realized
in topological quantum pumps[67–70]. Due to the coupling
between different momenta, the Hamiltonian is invariant up
to momenta translations k → k + θ. Assuming a spatial fre-
quency commensurate to the lattice, i.e., θ = 2pip/q with p, q
integer coprimes, this symmetry induces a periodicity in mo-
mentum space ∆k = 2pi/q and a folding of the energy levels
into a reduced Brillouin zone (BZ) [0, 2pi/q].
The model exhibits PH symmetry ΞHΞ† = −H (with
Ξ2 = 1), with broken time-reversal symmetry, and belongs
to the Altland-Zirnbauer[50–52] symmetry class D. Hence,
gapped phases are characterized by a Z2 topological invari-
ant, the Majorana number[1]. The nontrivial phase can be
realized at any finite spin-orbit coupling (intrinsic λ > 0, or
effective, induced by the helical field δb > 0), and exhibits
MBS localized at the edges. In order to calculate the Majo-
rana number, it is convenient to rewrite Hamiltonian Eq. (2)
in terms of Majorana operators γAk↑↓ = (c
†
k↑↓ + ck↑↓) and
γBk↑↓ = i(c
†
k↑↓ − ck↑↓). Hence, the Majorana number M
can be defined as usual as the sign of the product of the
Pfaffian of the Hamiltonian H˜ in the Majorana basis eval-
uated at the time-reversal symmetry points k = 0, pi/q in
the reduced BZ, i.e., M = sign(pf(iH˜0) pf(iH˜pi/q)) where
H˜k =
∑q−1
nm=0 Pk+nθH˜P
†
k+mθ are the projections of H˜ onto
the subspace spanned by momenta k + nθ, with Pk the pro-
jector operators. Note that, in general, the Majorana number
depend periodically on the phase-offset φ.
Phase transitions between trivial and nontrivial phases are
determined by the closing of the PH gap, i.e., E(k, φ) = 0
for either k = 0 or pi/q. For clarity, we will focus here only
on the phases which are globally gapped, i.e., where the PH
gap is finite for any value of the phase-offset φ. We define
the global PH gap as EG = mink,φE(k, φ). Globally gapped
phases EG > 0 are either trivial or nontrivial. Conversely,
phases which are not globally gapped EG = 0, i.e., where
the PH gap closes for some values of the phase-offset, may
be trivial M = 1 and nontrivial M = −1 depending on the
phase-offset φ (see Ref. [38]). In Fig. 2(a) we plot the value
of the global PH gap EG as a function of the helical field
magnitude δb and applied field b, calculated by direct numer-
ical diagonalization of the Hamiltonian Eq. (2) for θ = pi/2
(i.e., q = 4). The globally gapped phases EG > 0 are sepa-
rated by domains where the global PH gap vanishes. We then
calculate the Majorana number numerically for each globally
gapped phase. Due to the lack of broken time-reversal sym-
metry, the phase at zero field b = δb = 0 (and at small fields
b ≈ δb ≈ 0) is obviously trivial. At larger fields, there are
two separated (but topologically equivalent) nontrivial phases
3Figure 2. (a) Topological phase space for θ = pi/2 as a function of
the helical δb and applied fields b, and spectra in the nontrivial phases
(b-c). Color intensity is proportional to the global PH gapEG. Three
kinds of globally gapped phases EG > 0 are present: The trivial
phase (gray area) at small and at very large fields; The nontrivial
phase with a Majorana numberM = −1 (blue area) with (b) MBS at
zero energy; The nontrivial phase with a PH Chern number Cph 6= 0
(red area) with (c) nontrivial ABS below the PH gap, 2 states per
edge. We use µ ≈ −1.41t, ∆ = λ = 0.5t, δb = 1.5t, b = 0.5t (b),
and b = 3t (c).
with M = −1, which are realized respectively for strong ap-
plied fields and small (or zero) helical fields b  δb, and for
strong helical fields and small (or zero) applied fields δb b.
The two separated phases with M = −1 reduce to the well-
known regimes where only a uniform field[64, 65] (with b > 0
and δb = 0), or the helical field[60, 61] (with b = 0 and
δb > 0) are present. In these regimes, topological super-
conductivity is realized respectively for b− < b < b+, with
b± = [(|µ| ± 2t)2 + ∆2]1/2 [the δb = 0 axis in Fig. 1(a)] and
for b−eff < δb < b
+
eff where b
±
eff = [(|µ| ± 2teff)2 + ∆2]1/2 and
teff = t cos (θ/2) − λ sin (θ/2) [the b = 0 axis in Fig. 1(a)],
as one can show by unitary rotating Eq. (1) and calculating the
Majorana number directly. Nontrivial phases with M = −1
exhibits MBS at zero energy, as in Fig. 2(b), where we show
the energy spectra for b = δb/3, calculated by direct diagonal-
ization of Eq. (1) with open nonperiodic boundary conditions.
For amplitude-modulated fields δb · b 6= 0, the Hamilto-
nian in Eq. (2) depends periodically on the phase-offset φ,
which can be regarded as an additional synthetic (nonspa-
tial) dimension[39–47]. The 1D chain is thus embedded in
a 2D parameter space, which coincides with a synthetic BZ
spanned by the momentum k ∈ [0, pi/q] and by the phase-
offset φ ∈ [0, 2pi]. Topological phases in 2D and symmetry
class D are described by a Z topological invariant. We no-
tice that the total Chern number is zero due to PH symmetry.
Therefore, to describe the nontrivial globally gapped phases
of the model, we shall introduce the PH Chern number, de-
fined as the PH analogue of the spin Chern number[71–75].
For any globally gapped phase EG > 0, which does not close
when the superconducting paring is adiabatically turned off
∆→ 0, we define
C± =
1
2pi
∫ 2pi/q
0
dk
∫ 2pi
0
dφ [Ωp(k, φ)± Ωh(k, φ)] , (3)
where Ωp,h(k, φ) =
∑
i∈p,h 2Θ(−Ei)= 〈∂kΨi|∂φΨi〉 are the
total Berry curvatures in the synthetic BZ, defined respec-
tively for the two PH sectors of the Hamiltonian in Eq. (2)
as a sum over all bands with Ei < 0. Since particle states
|Ψi〉 and their conjugate hole states Ξ |Ψi〉 = |Ψi〉∗ give
opposite contributions to the Berry curvature, one has that
Ωh(k, φ) = −Ωp(k, φ). Hence, the Chern number vanishes
C = C+ = 0, whereas the PH Chern number Cph = C− can
be nonzero, and it is given by
Cph = 2× 1
2pi
∫ 2pi/q
0
dk
∫ 2pi
0
dφΩp(k, φ). (4)
The PH Chern number is thus an even integer due to PH sym-
metry. Notice that the PH Chern number is well-defined only
if the phase with ∆ > 0 can be adiabatically and continuously
mapped into a phase with ∆ = 0, without closing the global
PH gap EG > 0. Only in this case indeed, the phase ∆ > 0
is homeomorphic to the phase ∆ = 0, where the Hamilto-
nian becomes block-diagonal in the PH sectors, and the PH
Berry curvatures become well-defined. As a counterexample,
notice the PH Chern number in Eq. (4) is not well defined for
the nontrivial phase with M = −1, where the gap closes for
∆→ 0.
If the helical and applied fields are comparable, the model
may realize a nontrivial phase characterized by a nonzero
PH Chern number, as shown in Fig. 2(a). Using the Fukui-
Hatsugai-Suzuki numerical method[76] applied separately in
the PH sectors, we find that the PH Chern number of this glob-
ally gapped phase is Cph = −2. The emergence of a non-
trivial phase Cph 6= 0 can be understood in terms of a band
inversion induced by the applied field, and by considering the
relation between this model and the Harper-Hofstadter model.
Considering a continuous transformation ∆ → 0, λ → 0,
and δb = (−iδb, 0, δb) → (0, 0, δb), each of the PH and
spin up-down sectors of the Hamiltonian in Eq. (2) reduce
to an Harper-Hofstadter Hamiltonian of spinless electrons on
1D lattice with harmonic potential −µ + ±δb cos (θn+ φ),
with ± for spin up and down respectively. Thus, if the trans-
formation does not close the global PH gap, the PH Chern
number Cph can be obtained as the sum of the correspond-
ing Chern numbers of the Hofstadter butterfly. Since opposite
gaps ±δb of the butterfly have opposite Chern numbers, spin
up and down contributions have opposite sign. Hence, if we
define j↑ and j↓ as the intraband indexes of the particle spin
up and down sectors of Eq. (2), using the diophantine equation
characterizing the Hofstadter butterfly Chern numbers, Eq. (4)
yields
Cph = 2(Cj↑ − Cj↓),
where pCj ≡ j mod q, with |Cj | < q/2. (5)
Here,Cj are the Chern numbers labeling each of the intraband
gaps j of the Hofstadter butterfly[77, 78]. Since the Hofstadter
4Figure 3. Spectra (a) and LDOS in the bulk (b) and on the left (c) and right (d) edges, as a function of the applied field b. At low applied fields
b . t, the model realizes the M = −1 nontrivial phase (cf. Fig. 1), with MBS at zero energy localized simultaneously at the left and right
edges. At larger fields, the PH gap closes EG = 0 until reaching the nontrivial phase with Cph = −2 at fields b & t (cf. Fig. 1), with 2 PH
symmetric and nontrivial ABS localized at each edge of the chain. The energy of nontrivial ABS at opposite edges is uncorrelated, contrarily
to the case of MBS. Moreover, nontrivial ABS are fully PH and spin polarized, whereas MBS are PH symmetric.
Chern numbers take all possible integer values |Cj | < q/2,
the PH Chern number can take all possible even integer values
|Cph| < q. At zero applied field b = 0, spin up and down
bands are degenerate, and thus j↑ = j↓, resulting in a trivial
phase Cph = 0. However, spin degeneracy breaks at finite
applied fields, and thus bands with Cj↑ 6= Cj↓ can align at
zero energy. Hence, the band inversion driven by the applied
field b can induce a nontrivial phase with Cph 6= 0.
These nontrivial phases correspond to the presence of non-
trivial ABS localized at the edges. Nontrivial ABS are midgap
excitations, and are completely PH and spin polarized. Due to
bulk-edge correspondence[79, 80], each edge exhibits a num-
ber Cph/2 of particle-like edge states, and the same number
of hole-like edge states, which are PH conjugates one of the
other. This has to be contrasted with MBS, which appear as
a single zero-energy fermionic state localized at two opposite
edges, and which are consequently PH symmetric, i.e., being
their own PH conjugates. In Fig. 2(c) we show the energy
spectra in the nontrivial phase Cph = −2 (with b = 3δb)
calculated by direct diagonalization of Eq. (1) with open non-
periodic boundary conditions. The spectra show 2 × 2 PH
symmetric, nontrivial ABS inside the PH gap, with 2 edge
states for each boundary of the chain.
Despite the fundamental difference between MBS and non-
trivial ABS, there are some similarities that need to be empha-
sized. Nontrivial ABS are midgap excitations, and can have
zero energy only for fine-tuned values φ∗ of the phase-offset.
However, their energies can be lower than the experimental
resolution, and thus the resulting near-zero bias peak can be
erroneously attributed to the MBS. Most importantly, being
topologically protected, they can materialize only concomi-
tantly with the closing and reopening of the PH gap. Hence,
the simultaneous probe of bulk and edge conductance, with
the observation of the closing of the gap accompanied by the
emergence of a zero-bias peak at the edges[53], cannot be
considered as conclusive evidence of MBS. However, non-
trivial ABS do not necessarily appear simultaneously with the
same energy at the two opposite edges of the nontrivial phase,
contrarily to the case of the zero-bias peak induced by the
MBS. In order to highlight the differences and similarities be-
tween nontrivial ABS and MBS, we show in Fig. 3 the spectra
and the local density of states (LDOS) as a function of the
applied field b through the two nontrivial phases M = −1
and Cph = −2, calculated as ρn(E) = −=〈n|G(E) |n〉 /pi
with G(E) the unperturbed Green’s function. As shown, both
the M = −1 and the Cph = −2 nontrivial phases are real-
ized, respectively at low b . t and large applied fields b & t,
respectively with MBS and nontrivial ABS localized at the
edges. The closing and reopening of the global PH gap co-
incides with the appearance of nontrivial ABS. Notice that,
contrarily to the case of the MBS, the energies of the 2 non-
trivial ABS at the opposite edges are uncorrelated. Moreover,
whereas MBS have equal spectral weights in the PH sectors
(they are PH symmetric), nontrivial ABS are completely PH
and spin polarized.
In summary, we found that in the presence of amplitude-
modulated fields, a 1D superconductor may exhibit two dis-
tinct kind of nontrivial phases corresponding to two distinct
topological invariants, i.e., the Majorana number M and the
particle-hole Chern number Cph, defined respectively in the
1D and in a synthetic 2D BZ. These nontrivial phases exhibits
two distinct kind of edge states, i.e., MBS and nontrivial ABS,
with remarkably different properties. However, their similari-
ties may hinder the unambiguous detection of Majorana states
in magnetic atom chains, in particular in the regime of large
applied fields.
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